The solution to a non-autonomous second order ordinary differential equation is presented. The real function, dependent on the differentiation variable, is a squared hyperbolic tangent function plus a term that involves the quotient of hyperbolic functions. This function varies from one limiting value to another without having any singularities. The solution is remarkably simple and involves only trigonometric and hyperbolic trigonometric functions. The solution is analyzed in the context of wave propagation in an inhomogeneous one-dimensional medium. The profile is shown to act as a perfect anti-reflection interface, providing a possible alternative route to the fabrication of reflectionless surfaces.
Introduction
The propagation of light in stratified media at normal incidence is formally equivalent to the time dependent harmonic oscillator (TDHO) problem. In either case, the phenomena are modeled with a second order but non-autonomous ordinary differential equation (ODE) of the form ψ ψ + = f 0 , where superimposed dots denote differentiations with respect to position z (or time for the TDHO) and f is a function dependent on the differentiation variable. In what follows, the assertions for wave propagation can be equally applied to harmonic oscillators with a time dependent parameter as well as several other physical problems. These have been reviewed in a somewhat more ample context of Ermakov systems [1] . Two important physical problems where this formalism is particularly relevant are optical traps (TDHO equation with periodic parameter) and rugate optical filters that can be used to fabricate, for example, notch filters or Bragg mirrors without significant sidebands.
The vector 3D wave equation with terms involving the gradient of the permittivity/permeability is obtained from Maxwell's electromagnetic equations in the absence of charges and currents. For linearly polarized fields propagating in one-dimensional non-magnetic media, the ε E · term vanishes due to the orthogonality between the permittivity gradient and the field polarization direction. A scalar partial differential wave equation in 1+1 dimensions is thus obtained. The temporal derivative can be readily evaluated for harmonic fields to obtain a second order ODE. The electric field equation for plane monochromatic waves at normal incidence has been solved in closed form for some analytical refractive index profiles n(z). These functions can be bounded or not as a function of position.
There are unbound profiles with simple solutions although the divergent limits are ultimately unphysical. For example [2] ,
has solution ψ γ γ = z k z cos( ln( ) ). The linear function f = z is solved in terms of Airy functions, and in general, f = z n can be solved in terms of Bessel functions [3] . An interesting refractive index function is the inverse of a quadratic polynomial [4] , then
. The coefficients can be chosen so that there are no real roots in order to avoid undesirable divergences. The solution involves the product of an amplitude + + az bz c 2 times the cosine of a phase proportional to the arctangent of a linear function of z. In order to model real conditions, the unbound profiles are constrained to a limited region. In this way, piecewise joined functions produce attainable refractive indices. Nonetheless, the reflectivity arising from the discontinuities of the refractive index at the junctions need to be carefully assessed [5] . An example of such a profile is
where a, b are real constants. Using this approach, a photonic crystal with a sawtooth refractive index function has been exactly solved [3] .
On the other hand, there are bound profiles solutions with or without approximations ( [6] , chapter 3). Two of the few bound profiles that have been solved exactly are: (i) the hyperbolic tangent permittivity profile [7] 
where s is a parameter proportional to the interface thickness. This profile is an anti-symmetric inhomogeneous layer giving a monotonic smooth transition from n 1 2 to n 2 2 .
(ii) The inverse squared hyperbolic cosine permittivity profile,
. This function is symmetric with value n 1 2 for large ±z and having a maximum or mini-
2 at the origin. Solutions to these profiles were obtained in terms of the hypergeometric function. These and other exact solutions for the electric field equation were extended and reviewed by Brekhovskikh and Beyer [6] . Recently [8] , hyperbolic tangent double layers of the form The non-autonomous second order linear ODE can be solved either numerically or in the slowly varying refractive index (SVRI) approximation [9] . However, the SVRI approximation neglects reflection from the bulk. The amplitude and phase representation of the fields transform the linear ODE into nonlinear ODE's. It is preferable to numerically solve the nonlinear amplitude equation because the initial conditions are more easily imposed and the reflectivity is straight forward to calculate from the amplitude results. Furthermore, the variables have a clear physical meaning and the propagation of the field in the inhomogeneous medium can be readily obtained. However, as Habib et al [8] rightly assert, analytical solutions are always desirable.
Reflection is enhanced whenever there is a discontinuity in either the refractive index or any of its derivatives [10] . In many applications, such reflections are detrimental to system performance. Two notable cases are image forming systems, where ghost images are produced due to reflections in the lenses surfaces and solar harvesting, where an important percentage of the incident sunlight is not converted into usable energy due to reflection. Reflection at an interface has been inhibited either by (i) single or multi layer interference or (ii) surface sub wavelength transverse modulation. In the latter approach, surface modulation is produced either by etching the surface (for example, by pulsed laser ablation [11] ) or by nano particle deposition [12] . The adiabatic optical impedance matching of the etching process can be viewed as a slow variation of the effective refractive index as a function of the penetration depth. The reflectivity becomes negligible when the refractive index varies in a scale larger than the wavelength [5] . Particle deposition can also be modeled in terms of a graded refractive index function [13] .
In this communication, a new analytical solution of a modified hyperbolic tangent function is presented in section 2. To our knowledge, this non-autonomous ODE has not been solved before. The solution, as we shall see, is remarkable because of its simplicity in terms of elementary functions. This ODE, as shown in section 3, can be used to model the propagation of waves between two refractive indices with an inhomogeneous region in between. The inhomogeneous region is monotonic in the adiabatic regime, that is, for slow variations of the refractive index. When the inhomogeneity becomes steep, it superimposes a dispersion like curve on the hyperbolic tangent function. Nonetheless, the form of the solution is such that it can be ascertained that there is no reflected wave even as the inhomogeneity becomes sharper. Thus, the interface behaves as a perfect anti-reflection coating and is a novel way to achieve reflectionless surfaces via an inhomogeneous but otherwise continuous refractive index. These results are discussed in the last section.
2. New profile with analytical solution Proposition 1. The second order ODE
where f is a function of z given by 
Proof. Evaluate the first derivative of the solution
where
The second derivative after a bit of algebra is The term involving f times the proposed solution is The last two equations are equal but with opposite sign, thus the differential equation is fulfilled. The function f must be finite and the solution ψ must be class C 2 so that the differential equation is well defined. Therefore, the terms in the denominator of f must be non-zero. The hyperbolic cosine is never zero, thus we need only be concerned with the hyperbolic tangent. Since the codomain of the hyperbolic tangent function
. The first and second derivatives of ψ involve the term γ + a b z tanh( ) in the denominator with different powers. Provided that this term is not zero, the first and second derivatives of the function ψ are finite and uniquely defined. □ A linearly independent solution ψ 2 can be obtained with the aid of the Wronskian Q,
The general solution can be found by adding the solution (2) and the above linearly independent solution with arbitrary constant amplitude factors on each term. The fields ψ and ψ 2 can be viewed as complementary fields leading to a continuity equation with its concomitant conserved quantity and its associated flux [14] .
Wave propagation in a one-dimensional inhomogeneous medium
Consider ψ to represent a monochromatic wave. The differential equation thus describes the propagation of a wave in an inhomogeneous non-magnetic transparent medium with permittivity ε = n 2 given by the profile = f k n 0 2 2 in equation (1) 
to have a refractive index n 1 , as it is customary to have the incident wave propagating from −z to +z. Let the limit → +∞ z have a refractive index n 2 so that the incident wave travels from a medium with refractive index n 1 towards n 2 . Then n 1 = (a − b) and n 2 = (a + b), thus
where n is the average refractive index and δ = − n n n Representative plots of this function are shown in figure 1 . If γ is smaller than the wave vector magnitude k 0 , the second term in the above equation is small and the hyperbolic tangent dependence is dominant (green line in figure 1 ). As γ becomes larger than k 0 , the refractive index function is no longer monotonic but exhibits an oscillation due to the second term in (5) . We refer to this term as the integrating term, in analogy to the integrating factor used in thermodynamics to make the entropy function an exact differential. It is this term that permits the obtention of an exact analytical solution to the differential equation. The behaviour of this term is depicted in figure 2 . The integrating term can be written as where σ is the quotient of the difference over the sum of refractive indices The condition > a b 2 2 in terms of the refractive index variables is δ > n n 2 or σ < 1, that is, the modulation of the average refractive index should be such that the resulting refractive index is greater than zero. The constants n and k 0 do not alter the form of the curve, they only scale the overall term as seen from (6). The localization of the maximum and minimum of the integrating term g z ( ) are not dependent on λ π = ( ) k 2 0 nor n. It is remarkable that the wavelength does not alter the pitch of the curve. The shape of the curve is modified by the quotient σ of the difference over the sum of refractive indices. These type of quotients, according to Fresnel relationships, are associated with the reflection coefficient at normal incidence in an abrupt interface. However, this is not the case in the present context. The other parameter that modifies the curve is γ. This quantity establishes how fast the variation of the refractive index is as a function of position. Plots of the integrating term as a function of these two quantities are shown in figure 2. On the one hand, the extrema of the curve are shifted towards negative z as the parameter σ increases becoming asymmetric with respect to z = 0. The asymmetry between the maximum and minimum values is also more pronounced as σ increases. On the other hand, the position of the extrema come very gradually closer to each other as γ is incremented. The oscillation is magnified and is more sharply peaked as the value of γ increases. Rugate films with these types of profiles seem readily accessible with conventional materials for σ < 0.7 and γ < 3 starting at ≈ n 1.3, ≈ − z 0.5 depicted in figure 1 . For larger values of σ and γ, more sophisticated meta materials will be required to achieve the larger span of refractive indices. 
where A and φ are the amplitude and phase variables. A representative plot is shown in figure 3 . The frequency is defined as the temporal derivative of the phase. Similarly, the spatial derivative of the phase is the spatial frequency or wave-vector magnitude. In the present case, the derivative of the phase is solution, it is more economic to approximate the refractive index function and then request that the wave vector magnitude solution is equal to k 0 times the approximate refractive index function. However, notice that if the refractive index function is approximated by the hyperbolic tangent alone and it is allowed to vary rapidly (this assumption breaks the SVRI approximation), the solution is no longer (7). A similar analytical solution is only known for a refractive index function proportional to the square root of the hyperbolic tangent function plus a constant. In this case, the solution is given in terms of the hypergeometric function as mentioned in the introduction.
Anti-reflection interface
The wave solutions far from the inhomogeneous region presented in subsection 3.1, are already indicative that there is no reflected wave. In order to show that there is no reflected wave in any of the regions traversed by the wave, let us include the time dependence explicitly. The wave equation is Therefore, the wave propagates without generating a counter propagating wave, that is, there is no reflected wave. This assertion can also be seen from the derivative of the phase with respect to z, the wave vector function (8) . The (positive) slope of this function varies monotonically but it never changes sign throughout propagation, that is, the wave always propagates in the positive z direction. Equation (9) with → −∞ z represents the incident wave, whereas this same expression with → +∞ z represents the transmitted wave.
We could also consider the incident wave coming from +∞ and propagating in the negative z direction, that is, from right to left in figure 3 . An initial amplitude B 0 then requires an amplitude factor δ + B n n 2 0 and the spatial component of the phase has to be reversed ( → − z z) in (9) . The wave travels again without reflection and its amplitude varies monotonically from B 0 to B n n 0 2 1 . If a superposition of these two solutions is made, there are, as might be expected, counter propagating waves. However, these counter propagating waves are due to the waves injected from either side of the inhomogeneous region.
In single or multi layer interference, anti-reflection coatings are produced by placing the refractive index discontinuities so that destructive interference occurs from reflection at these planes. The distance between planes is then proportional to the wavelength (usually half wavelength optical path layers plus a π phase change due to reflection at the interface). It is not clear how to picture the lack of reflection for the present function in terms of interference. It is inviting to consider the two parts of the refractive index wiggle to somehow contribute with out of phase reflections that ultimately cancel out. However, as we mentioned when we described the refractive index function, it only involves k 0 as an overall factor in the integrating term. That is, the location of the wiggle extrema does not depend on the wavelength. Nonetheless, it can be argued that the value of the refractive index maxima and minima do depend on wavelength. Indeed, from (6), the permittivity is quadratically dependent on wavelength. As we know, in a first approximation, the optical path depends on distance times the refractive index. Thus, the optical path between extrema is increased as a function of wavelength.
Conclusions
A second order non-autonomous ODE has been analytically solved for a squared hyperbolic tangent function modified by an integrating term that involves the quotient of hyperbolic functions. In general, this function varies from one limiting value to another in a non-monotonic way. In the SVRI approximation, the function becomes monotonic. The solution involves an inverse hyperbolic tangent for the squared amplitude and a linear phase modified by an additive term involving the logarithm of a hyperbolic cosine function. This solution, when viewed in the context of wave propagation in an inhomogeneous medium, reveals the absence of counter propagating waves. Since the solution is an exact solution without approximations, the reflected wave amplitude is strictly zero. This is a novel anti-reflection scheme based on a graded refractive index profile that does not require a slow variation of the refractive index. The advantages/disadvantages of this method compared with multilayer interference or surface sub wavelength modulation need to be assessed. Some of the profiles here proposed could be made with reactive pulse magnetron sputtering, a method that is already quite successful in producing interference antireflective coatings and rugate filters [17, 18] .
